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1. INTRODUCTION

Throughout this paper S stands for the polynomial ring k[z1, ..., z,] over a field
k with the standard grading deg(z;) = 1 for 1 < i < n. For any graded ideal J of
S, the size of J is measured by the Hilbert function

h:N— N
inikai7

where N = {0,1,2,...} and J; is the vector space of all homogeneous polynomials
in J of degree i. In 1927, Macaulay [Ma] proved that for every graded ideal in S
there exists a lex ideal with the same Hilbert function. Since then, lex ideals have
played a key role in the study of Hilbert functions: in 1966, Hartshorne [Ha] proved
that the Hilbert scheme is connected, namely, every graded ideal in .S is connected
by a sequence of deformations to the lex ideal with the same Hilbert function; then
in the 1990s, Bigatti [Bi], Hulett [Hu] and Pardue [Pa] proved that every lex ideal
in S attains maximal Betti numbers among all graded ideals with the same Hilbert
function.

It is interesting to know if similar results hold for graded quotient rings of
the polynomial ring S. One important class of graded quotient rings over which
Macaulay’s Theorem holds is the Clements-Lindstrom ring S/(«7", ..., z¢"), where
cp <+ <ep <00, In 1969, Clements and Lindstrom [CL] proved that Macaulay’s
Theorem holds over the ring S/(z7',...,z¢), that is for every graded ideal in
S/(x{t, ..., x¢) there exists a lex ideal with the same Hilbert function. In the case
¢ =--- = ¢, = 2, the result was obtained earlier by Katona [Ka] and Kruskal [Kr].
Recently, Mermin and Peeva [MP] raised the problem to find other graded quotient
rings over which Macaulay’s Theorem holds.

Toric varieties, cf.[Fu], have been extensively studied in Algebraic Geometry.
They are very interesting because they can be studied with methods and ideas
from Algebraic Geometry, Combinatorics, Commutative Algebra and Computa-
tional Algebra. In [GHP], Gasharov, Horwitz and Peeva introduced the notion of a
lex ideal in the toric ring and raised the question [GHP, 4.1] to find projective toric
rings over which Macaulay’s Theorem holds. They proved in [GHP, Theorem 5.1]
that Macaulay’s Theorem holds for the rational normal curves. The goal of this
paper is to study whether Macaulay’s Theorem holds for other projective monomial
curves.

Let A = (111) ey <a1”> } be a subset of N2\ {0}. We set A = (all aln)

to be the matrix associated to A, and assume rankA = 2. The toric ideal associated
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to A is the kernel 14 of the homomorphism:
v klxy,...,x,] — ku,v)
z; — utio.

The ideal 14 is graded and prime. Set R = S/I4 = k[u®w,...,u*v]. Then R
is a graded ring with deg(xz;) = 1 for 1 < i < n. We call R = S/I4 the toric
ring associated to A. Every projective monomial curve in P! can be defined by
I 4 for some A. For example, the rational normal curves are defined by the toric
01 -+ n-—-1
1 1 .- 1
Macaulay’s Theorem holds for a projective monomial curve defined by I 4, or that
Macaulay’s Theorem holds over the toric ring R = S/I4, if for any homogeneous
ideal J in R there exists a lex ideal L with the same Hilbert function. Throughout,
we assume that xy > -+ > xz,.

In Theorem 4.1 we prove that Macaulay’s Theorem holds for projective monomial
curves defined by the toric ideals associated to matrices of the form

(01 -+ n—=2 n—-1+h
A_<1 1 - 1 1

ideals associated to matrices of the form A = ( . We say that

>, where n >3, h € ZT.

In Theorem 5.1 we consider matrices of the form

A (0 1+h 24k - n-1+h
AV 1 1

and prove that if h = 1 or n = 3, Macaulay’s Theorem holds; otherwise, Macaulay’s
Thereom does not hold.
Finally, in Theorem 5.5 we prove that Macaulay’s Theorem does not hold if

A:(O 1 -~ m—-1 m+h --- n1+h),

>, where n >3, h e ZT,

1 1 ... 1 1 1
wheren >4,2<m<n-—2and h €Zt.

Acknowledgments. The author is thankful to Irena Peeva for suggesting the
problem and helpful discussions.

2. PRELIMINARIES

Throughout this paper, we fix the order of the variables in S to be 1 > -+ > x,,
and consider the induced lex order >, on S.

To define the lex ideals in the toric ring R = S/I4, we need the following
definition introduced in section 3 in [GHP]:

Definition 2.1. An element m € R is a monomial if there exists a monomial
preimage 7" ---x&" of m in S. For simplicity, by writing m = z7*---22» in R,
we mean m = x7' ---x2" + I 4 in R. An ideal in R is a monomial ideal if it can be
generated by monomials in R. Let m € R be a monomial, the set of all monomial
preimages of m in S is called the fiber of m. The lex-greatest monomial in a fiber
is called the top-representative of the fiber.

Let m,m’ € Ry be two monomials of degree d in R. Let p, p’ be the top-
representatives of the fibers of m and m’ respectively. We say that m =, m' in

Ry ifp > pin S.



A d-monomial space W is a vector subspace of Ry spanned by some monomials
of degree d. A d-monomial space W is lez if the following property holds: for
monomials m € W and q € Ry, if ¢ =je; ™ then ¢ € W. A monomial ideal L in R
is lex if for every d > 0, the d-monomial space L, is lex.

By [GHP, Theorem 2.5], we know that for any homogeneous ideal J in R, there
exists a monomial ideal M in R such that M has the same Hilbert function as J.
So, to show that Macaulay’s Theorem holds over R, we only need to prove that
given any monomial ideal M in R, there exists a lex ideal L in R with the same
Hilbert function. Furthermore, we will use [GHP, Lemma 4.2], which states:

Lemma 2.2 (Gasharov-Horwitz-Peeva). Macaulay’s Theorem holds over R if and
only if for every d > 0 and for every d-monomial space W, we have the inequality:

dimk RlLW S dimk R1W,

where Ly is the lex d-monomial space in Ry such that dimy Ly = dim, W.

Remark 2.3. Let W be a d-monomial space spanned by monomials wy,...,ws €
R4, then we have that

dimp W = [{wy,...,ws}| and dimy RyW = [{z;w; € Rgy1 |1 <i<n,1 <j <s}.

If W’ is another d-monomial space spanned by monomials w},...,w; € Rg, then
we have

dimgy W N W' = {ws,...,ws} N{w), ..., wi}|.

Remark 2.4. Let m be a monomial in R. Pick a representative 27" - - - % from the
fiber of m. Then @(z{* -+ xdn) = y*rart - FTananyonttan - which is independent
of the choice of the representative. Define

aq
1

Qn

u(m) = u(x(lll Ty ) =10+ F .
Note that degm = a1 + -+ - + au,, then for monomials m, m’ € R,
m=m' <= u(m) =u(m’) and degm = degm'.

Hence, for any d > 1, we have a natural order >, on the monomials in Rg4: for
monomials m,m’ € Rq, we say that m >, m’ if u(m) < u(m’). Note that the lex
order >, may not concide with the natural order >,. This is illustrated in the
following example.

01 3

Example 2.5. Let A = (1 11

), then in Ra, 123 jep T3, but o3 >, x173.

We use lex order =, instead of >, to define lex ideals in R because we want
to have the following crucial property: If Ly is a lex d-monomial space in Ry, then
RiLg4 is a lex (d+ 1)-monomial space in Rgy1. By [GHP, Theorem 3.4], we know
that this property holds for the lex order »,. However, by the above example, it
is easy to see that this property does not hold for the natural order >,. Indeed,
let Ly = span{z1} C Ry, then L; is lex with respect to the natural order >, and
Ry Ly = span{x?, z122, 7123} C Ryp; but in Ry, since ¥3 >, z122 >, 35 >, 1173,
one sees that Ry L; is not lex with respect to the natural order >,.



Remark 2.6. In the polynomial ring S we have the following property: if Ly is a
lex d-monomial space in Sy and m is the first monomial in Sy\Lg4, then

(*) dimg S1(Lg + km) > dimy S1Lg,

and in particular, z,m ¢ S1Ly;. However, this may not be true in R, and we have
the following example.

0 1 3 4
1 1 1 1
x%, then Lo is lex in Ry and m is the first monomial after z;x4. Since

Example 2.7. Let A = ( ), Ly = span{z?, x179, 2173, 1124} and m =

u(xlxg) = u(zaw122), u(xgacg) = u(z12123),
U(Z‘3J}§) = u(x22124), u(xuj%) = u(x3r173),

it follows that R; (LQ + km) = R1Ls and x4m € RyLs. Thus, dimy Ry (LQ + km) =
dimg Ry Lo and (*) fails.

3. LEMMAS FOR GENERAL PROJECTIVE MONOMIAL CURVES
In this section, we prove three lemmas which hold for projective monomial curves.
These lemmas will be used later in section 4 and section 5.

First we make the following observation. Let I 4 be the toric ideal associated to

A= { (tlll) e <a1"> }; then without the loss of generality, we can assume that

a; # a; for ¢ # j. By changing the order of the variables in S, we can assume

a; < -0 < ap. LetB(1

. —fl> and p = ged(ag — ay,- -+ ,a, — ay), then we

have

%BA _ <(1) (az —lal)/p (an —lal)/p> ‘

Since A and %BA have the same kernel, they define the same toric ideal, so that
we can always assume that 0 = ay < az < -+ < a,, and ged(ag, -+ ,a,) = 1.

Given a d-monomial space W, in order to calculate dimy R;W efficiently, we
have the following lemma.

Lemma 3.1. Let W be a d-monomial space spanned by monomials w1, ..., ws € Ry
with u(wy) < -+ < ul(ws). Then

dimy R{W = sn — Z )\(wiawj),

1<i<j<s
where

Mwi,wy) ={(p,q) | 1 <p < q<nu(zy) —ulzy) =u(w;) —u(w;), and there exist
nop<r<gq,i<k<jsuch that u(z,) —u(zr,) = u(w;) — u(wg)}.
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Proof. By induction on s. If s = 1, then the assertion is clear. If s > 1, then setting
W' = span{wy, -+ ,ws_1}, we get

dimg RiW = dimg By (W' + kw,)
= dimy (RiW' + Ry (kws))
= dimy RyW' + dimy, Ry (kws) — dimy RyW' N Ry (kws).
By the induction hypothesis, we have that
dimg RyW' = (s — 1)n — Z AMw;,wj), and dimy Ry(kws) =n
1<i<j<s—1
Note that
dimg RyW' N Ry (kws)
=|{1<p<n|zpws=mzsw; in Ry1, for some 1 <i<s—1,¢q> p}
= Z H1 <p<n|zpws=z,w; in Ryy1, for some ¢ > p, and there exists
1<i<s—1

no i < k < s such that z,ws = x,wy for some r > p}|

Z AMw;, wy).

1<i<s—1
So we have
dimy Ry W = (s — 1)n — Z Mws, w;) +n — Z AMw;, ws)
1<i<j<s—1 1<i<s—1
=sn — Z Aw;, wj).
1<i<j<s
O
The following two lemmas will be helpful when we prove Theorem 5.1.
(a1 az - ay ; (b1 by - by
Lemma 3.2. LetA—(l . 1)andA— 11 .. 1)besuch

that 0 = a1 < ag < - < ap, 0 =b1 < by < --- < by and a; + bpr1-5 = ayp
fori=1,...,n. Set S = kl[z1,...,z,] and S’ = k[y1,...,yn]. Then we have an
isomorphism f : S — S with f(a:z) = Ynt1—i. Let R = S/I4 be the toric ring
associated to A and R' = S'/La: the toric ring associted to A'; then f induces an
isomorphism [ : R — R’ such that f(x; +14) = Yns1—i + La-

Proof. Given a monomial m = z{*---z%" in S, we have

u(m) +u(f(m))

u(@ft ) +uypt oy

=aaia1 + -+ apay + a1by + -+ apby

=aj(a; +b,) + -+ an(an + b1)

=(a1 4+ ap)a,

= deg(m)ay,.
If m —m’ € I4 for some monomials m,m’ € S, then by Remark 2;4 we have
that u(m) = u(m’) and deg(m) = deg(m’). Hence u(f(m)) = u(f(m’)) and
deg(f(m)) = deg(f(m’)), so that f(m) — f(m') = f(m —m') € I4. Similarly,
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if m —m’ € Ly, then f~'(m —m') € I4. Thus, f(I4) = Ly and therefore, f
induces an isomorphism f from R to R’ such that f(x; +I4) = yny1—i +Lar. O

Lemma 3.3. Under the assumption of Lemma 3.2,we have the following two prop-
erties.

(1) If W C Ry is a d-monomial space spanned by monomials my,...,m, € Ry
with w(wy) < --- < u(wy), then f(W) C R), is a d-monomial space spanned
by monomials f(wi),..., f(w,) € Ry with u(f(w1)) > --- > u(f(w,)), and
dimg RiW = dimy, R} f(W).

(2) Note that we have defined a lex order e, in Ryq. Now setting yn, > -+ > y1,
we have a lex order >y in S’ which induces a lex order =jey in Ril. Let
m be a monomial in Rgq with top representative x{*---x%, then f(m)

n 7
is a monomial in R, with top representative f(xi“ ceegfn) = Yoy

Furthermore, if monomials m,m’ € Ry are such that m =, m', then
f(m) >1eer f(M') in RY; if Ly is a lex d-monomial space in Rg, then f(Lg)
is a lex d-monomial space in R.;; if Macaulay’s Theorem holds over R, then
Macaulay’s Theorem holds over R'.

Proof. (1)It is clear that f(W) is a d-monomial space in R/;. By the proof of Lemma
3.2, we see that w(w;) + u(f(w;)) = da,, which implies that w(f(w;)) > u(f(w;))
for i < j. Note that a, —ay = by — b, for any p # ¢ and u(w;) — w(w;) =
u(f(w;)) — u(f(w;)) for any ¢ # j, so that the last part of the assertion follows
directly from Lemma 3.1.

(2)By contradiction, we assume that yi! yf” is in the fiber of f(m) and
YY) Stew Yty in S then fMyd oyl = ol
the fiber of m and xfl e x,ﬁl Steg ] - in S, which is a contradiction. So
we have proved the first part of the assertion, and the rest of the assertion follows
easily. O

-zP s also in

Remark 3.4. If we set y; > -+ > y, in Lemma 3.3 (2), then the assertion may
not hold. Indeed, considering Example 2.7, we have that A = A’; let m = z123 in
R, then z122 is the top-representative of the fiber of m, but f(z122) = y4y2 is not
the top-represtative of the fiber of f(m). Also, by Theorems 4.1 and 5.1, we will
see that even if Macaulay’s Theorem holds over R, it may not hold over R’.

4. A CLASS OF PROJECTIVE MONOMIAL CURVES

Throughout this section,

A<0 1 -+ n—2 n—1+h

+
11 .. 1 1 ),Where n>3,heZ",

and R is the toric ring associated to A. We prove:

Theorem 4.1. Macaulay’s Theorem holds over R.

For the proof of Theorem 4.1, we need the following lemmas 4.2, 4.3, 4.5, 4.7,
4.8, 4.9, 4.10, 4.11.



Lemma 4.2. Let m be a monomial in R. Suppose that

u(m) = a(n — 1+ h) + B(n —2) +7,
where a3 and vy are non-negative integers such that f(n —2)+~v <n—1+4+h and
vy<n—2. Ify#0, then m‘feg(m)fﬂ*ﬁ*lxrﬂxg_le{ is the top-representative of
the fiber of m. If v =0, then mfeg(m)fa*ﬁmg_lx% is the top-representative of the
fiber of m.

Proof. Pick a monomial z{*--- 2% from the fiber of m, and run the following
algorithm.

Input: z{* .- zon

Step 1: If 22‘;11 a;(i —1) < n—1+4+h, go to Step 2. Otherwise, choose
Bay.. Pt € Zsuch that 0 < Ba < ag, ..., 0< By < 1, Sorsy Bi(i — 1) >
n—1-+h and EZ:; Bi(i — 1) is minimial with respect to this property. Run the
division algorithm, we get Z?;Ql Bi(i —1) = Bp(n — 1+ h) + 4, for some G, > 1
and 0 < 0 <n—1+4+h. Let j = min{i | 8; # 0}. Then § < j — 1, otherwise, it
contradicts to the minimality of Z?:_ll B:(i —1). Setting

aj = o = f,

Op_1:=0n_1— Bn_1,
Qp = Ay + Bn,
syl = Qs+ 1,
ai ::a1+(ﬁj+"'+ﬁn—l)_6n_1v

we get a new monomial x{?' --- 2% which is still in the fiber of m and is strictly
bigger with respect to >, in S. Go back to step 1.

Step 2: If Z?:_f a;(i—1) < n—2, stop. Otherwise, choose s, ..., 8,—2 € Z such
that 0 < B2 < ag, -+ ,0 < Bpa < an_g, Sory Bi(i—1) > n—2and 317 B;(i—1)
is minimial with respect to this property. Run the division algorithm, we get
Z?;; Bi(i —1) = By_1(n —2) + 6, for some B,_1 > 1and 0 < § < n—2. Let
j=min{i | B; # 0}. Then ¢ < j — 1, otherwise, it contradicts to the minimality of

S2B,(i — 1). Setting

aj = aj =,

Qp—2 = Qp_2 — Bn_2,
Qp1 = p_1+ Bn1,
asy1 = a5y + 1,
ap=ar+ (B + -+ Bn2) = Bn-1 — 1,

we get a new monomial (" - z&™ which is still in the fiber of m and is strictly
bigger with respect to >, in S. Go back to step 2.

The algorithm stops after finitely many steps and the output of the algorithm
is the monomial described in the lemma. If the top-representative of the fiber
of m is different from the monomial given in the lemma, then we can run the

algorithm on the top-representative to get a bigger monomial in the fiber, which is



a contradiction. So the monomial given in the lemma is the top-representative of
the fiber of m. ([

Lemma 4.3. R has the following two properties.

(1) Let m be a monomial in Ry; if w € S is the top-representative of the fiber
of m, then x,w € S is the top-representative of the fiber of xp,m € Ryyq.

(2) If Lq is a lex d-monomial space in Ryq and m is the first monomial in
Ry\Lg, then dimy Ry (Lg + km) > dimy R1 Ly and x,m ¢ RiLg.

Proof. (1) Let m € S be the top-representative of the fiber of x,,m. Since u(x,m) >
n—1+h, by Lemma 4.2 we have x,,|m. Suppose that m = x,,w’ for some monomial
w’ € S, then it is easy to see that w’ is the top-representative of the fiber of m, so
that w’ = w and m = z,w. So z,w is the top-representative of the fiber of x,,m.
(2) It suffices to prove that x,m ¢ RyLy. By contradiction, we assume x,m €
R Lg4, then there exist z;,1 <1i < n and m’ € Ly such that x,m = x;m’ in Rgy1.
Let w, w’ be the top-representatives of the fibers of m and m’, respectively; then
by (1), z,w is the top-representative of the fiber of z,m. Since m’ =x m in Ry, we
have w’ >jex w in S, and then z;w’ is in the fiber of x, m such that z;w’ >ex THw,
which is a contradiction. So, z,m ¢ RyLg. O

Definition 4.4. Let W be a d-monomial space spanned by monomials wy, ..., ws €
R4 with 0 = u(wy) < - -+ < u(ws). For i > 0, set

W (i) = {w;| the top representative of w; can be divided by z’, but not by x%!}.
The set W (7) is called n-compressed if W (i) = 0 or W (i) = {wg,, Wk, 41, - - - , Wk;+1 },
for some t > 0 and 1 < k; < s, such that

w(wg,) =in—1+h),u(wg,+1) =i(n—1+h)+1,...,u(wg,4¢) =i(n—1+h) + ¢t

We say that a d-monomial space C' is n-compressed if C(i) is n-compressed for
every ¢ > 0.

Lemma 4.5. Let my,my be two monomials in Ry with u(my) < u(ms). Suppose
that w(my) = ay(n—1+h)+ 31, and u(msg) = az(n—1+h)+ B2, where ay, ag, B1, B2
are nonnegative integers and B1, 2 <n — 1+ h.

(1) If a1 = ag, then my =jeq mo.

(2) If 1 < ag and By — B2 < (ag — a1)(n — 2), then my ez Mo.

(3) If a1 < ag and By — P2 > (aa — ay)(n — 2), then ma =jep M.

Proof. By Lemma 4.2, we can assume that a; = 0.

(1) Now u(mq) = B1,u(msa) = (2,0 < By < B2 < n—14 h, and we only need
to prove the case B2 = (1 + 1. Suppose that 81 = 8(n — 2) + v, where §,v are
nonnegative integers and v < n — 2. If v = 0, then 82 = S(n — 2) + 1, so that by
Lemma 4.2, x‘ffﬁngl and xf7ﬁ71x2m571 are the top-representatives of the fibers of
my and mg respectively, thus my =ex ma. If v > 0, then 82 = B(n—2)+v+1, so that
by Lemma 4.2, xf_ﬂ_lxwﬂxg_l and x‘li_ﬁ_lx7+2x§_l are the top-representatives
of the fibers of m; and ms respectively, thus my =ex ma.

(2) Suppose that i = f(n — 2) + 7, and B = §(n — 2) +~/, where 8, 3,7, 7'
are nonnegative integers and v,v" < n — 2. Then

fr—Ba=(B-0)n—-2)+7v—9 <axn-2),



that is,

() (B—= (0" +a2))(n—2) <y —7.
If v = 4’ = 0, then by (*), we have 8 < ' + ag; by Lemma 4.2, we see that

m‘ffﬁngl and x‘f‘(B'*“Q)xﬁ',lxgz are the top-representatives of the fibers of m;
and mo respectively, so that my =jex ma2. If Y =0 and 4’ > 0, then v/ — v <n — 2,
hence by (*) we have § < ' + ao; by Lemma 4.2, we see that xffﬁngl and
x'ff(ﬁ +a2)71x7/+1x§_1x§2 are the top-representatives of the fibers of m; and msy
respectively, so that my =jex mo. If ¥ > 0 and 4’ = 0, then v — v < 0, hence
by (*) we have 8 < ' 4+ ag; by Lemma 4.2, we see that xf_ﬁ_1x7+1x§_1 and
d—(8'+az) B’
L Lpn—1

_1x8? are the top-representatives of the fibers of m; and mso respec-

tively, so that mq =jex mo. If ¥ > 0 and 7/ > 0, then by Lemma 4.2, we see that
x'f_ﬁ_lmwﬂxfb_l and x‘ff(ﬁ#w)*lxyﬂxgl_lm%? are the top-representatives of the
fibers of m; and mg respectively; and by (*), we have either 4/ > v, 8 < 3/ 4+ ag or
v < v,8 < 8 + asg, then it follows that mi =ex mo.

(3) We use the notations in the proof of (2). Now (38— (8" +az))(n—2) >+ —~.
If 4/ > 4, then 8 > ' + ag, and similar to the proof of (2), it is easy to check that
Mo Hex M1; if 7' < v, then v/ — v > —(n — 2), hence 8 > ' + as, so that similar
to the proof of (2), we get ma Hex Mm1. O

Remark 4.6. By Lemma 4.5 we make the following remarks.

(1) By Lemma 4.5, we see that the lex order =0 induces a total oder on the
set of nonnegative integers.

(2) If Ly is a lex d-monomail spece, then by Lemma 4.5, it is easy to see that
Lg is n-compressed and |Lg4(0)] > |Lq(1)] > [La(2)] > ---.

(3) If Lg is a lex d-monomail spce and |Lg(z)] < n—1+ h for some ¢ > 0, then
by Lemma 4.5, one sees easily that |Ly(i + 1)| < max{0, |La(i)| — (n —2)}.

(4) If Ly is a lex d-monomail spece, then |Lg(i + j)| > (|Lqa()] — 1) — j(n — 2)
for 4,5 > 0. Indeed, if |Lq(¢)| — (|La(i +7)| +1) > j(n—2), then by Lemma
4.5 (3), it is easy to see that Ly is not lex, which is a contradiction.

(5) Let Ly be a lex d-monomail space spanned by monomials my,--- ,ms € Ry
with 0 = u(my) < -+ < u(ms), and L/, a lex d’-monomail space spaned
by monomials mj,---,m, € Ry with 0 = u(m}) < --- < u(ml); then by

Lemma 4.5, we have u(m;) = u(m}) for 1 < i < s. In particular, by Lemma
3.1 we have dimy Ry1Lq = dimy R1L/,.

(6) Let W be a d-monomial space spanned by monomials wy,...,ws € Ry
with w(wy) < ... < w(ws). If u(ws) > d, setting & = u(ws) — d and
W' = span{zfwi,...,zfws} C Rgiq, we have that u(zfw;) = u(w;),

u(z§ws) = d 4+ «, and Lemma 3.1 implies that dimy RyW = dimy RyW’.
So, by (5) and the above observation, to prove Lemma 2.2, we can always
assume that u(w,) < d, and then for any 0 < j < wu(ws), there exists
m = m‘ffjxg in Ry such that u(m) = j. Furthermore, there exists w; € Ry
such that w(w;) = u(w;) — u(w,). Let W = span{wy, ..., w;} C Ry; then
by Lemma 3.1, we have dimy R{W = dimy, le, so that to prove Lemma
2.2, we can also assume that u(wq) = 0.
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Lemma 4.7. Let Ly be a lex d-monomial space in Ry such that Ly # Rg, and m
the first monomial in Rg\Lq. Then

n, ifu(m)=0
dimg Ry (Lg + km) —dimg RiLg =<2, ifl1< u(m) < h
1, ifu(m) > h.

Proof. Let a,, = dimy Ry(Lg + km) — dimg Ry Lg; by Lemma 3.1 and Remark 4.6
(5), we see that a,, depends only on u(m) and does not depend on d. If u(m) = 0,
then it is clear that a,, = n. If u(m) > h, then by Lemma 4.3 (2), we see that
Ay, > 1.

If 1 <wu(m) < h, then a,, > 2. Indeed, if z,_1m € RiLg, then z,,_ym = x;m’ in
R, for some j #n—1and m’ € Ly. Since u(zp_1m) = w(xp—1)+u(m) <n—2+h,
it follows that u(m’) <n —2+ h. Note that m’ »x m, then by Lemma 4.5 (1), we
see that u(m') < u(m), hence z; = z,, and then u(z,_1m) = u(z,m') > n—1+h,
which is a contradiction. Thus, x,—1m ¢ Ri1L4. By Lemma 4.3 (2), we see that
T, m is also not in Ry Ly, so a,, > 2.

Next we set d = n + h and cosider R,, ;. By Lemma 4.2, it is easy to see that
for any monomial m € Ry, p, u(m) > n— 1+ h if and only if m = z,m’ for some
monomial m’ € R,_14p, so that

n—2+h
Rn+h == ann—l-&-h @ ( @ kmz) ’

=0

where m; = x{”’h_lxé in R,y is such that u(m;) = ¢, thus we have

dimg Ryyp —dimg Ryy—14p =n—1+h.

On the other hand, since R,,—14p is a lex (n — 1 + h)-monomial space and R, =
RiR,,_144, it follows that

dimg Rpyn —dimg Ry o1 =(n =1+ > (am—1)+ Y (am—1)
1<u(m)<h u(m)>h
>n—1+h.

Since the equality holds, we must have that a,, =2 if 1 < u(m) < h and a,, =1 if
u(m) > h. O

Lemma 4.8. Let C be an n-compressed d-monomial space.

(1) R1C is an n-compressed (d + 1)-monomial space.

(2) If C is spanned by monomials c1,...,¢s € Rq with u(¢;) = i — 1 and
s < h+1, then |RiC(0)| =n—2+s, |[R1C(1)| =s, |[R1C(j)| =0 forj > 2,
and dimy, R1C =n+2(s —1).

(3) If C is spanned by monomials c1,...,cs € Rq with u(¢;) = i — 1 and
h+2 <s<n—1+h, then |R1C(0)] = n—1+h, |[R1C(1)| = s, |[R1C(j)| =0
for j > 2, and dimy RiC =n—1+h+s.

Proof. (1) Let m be a monomial in R;C such that u(m) = p(n — 1 + h) + ¢ for
some p > 0and 1 < g <n—1+h; then m = x;m’ for some j and m’ € C. If
n — 1+ h divides u(m') then j # 1 or n, so that z;_ym’ € R1C and u(z;_1m’) =
u(z;m') —1 = u(m) — 1; if n — 1+ h does not divide u(m'), then since C is n-
compressed, we have a monomial m” € C such that u(m”) = u(m’) — 1, so that
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z;m” € R1C and u(x;m”) = u(z;m') —1 =u(m) — 1. So R;C is an n-compressed
(d + 1)-monomial space.
(2) It is clear that |[R1C(j)| = 0 for j > 2. By Lemma 3.1, we have

dimy R1C = sn — Z A¢iy i)

—on—(s—1)(n—2)
=n+2(s—1).

Thus, |R1C(0)] + |[R1C(1)] = n+ 2(s — 1). By (1), we know that R;C is n-
compressed, so that u(x,_1¢s) = n—2+s—1 < n—1+h and u(z,cs) = n—14+h+s—1
imply that |[R1C(0)| > n—2+s and |R1C(1)| > s. Thus, |R1C(0)] =n—2+s and
|[R1C(1)] = s.

(3) Tt is clear that |[R1C(j)| = 0 for j > 2. By Lemma 3.1, we have

dlmk RlC = sn — Z )\(Ciaci+1) - Z A(Ciaci—i-h-&-l)

1<i<s—1 1<i<s—h—1
=sn—(s—1)(n—2)—(s—h—1)
=n—14+h+s.

Thus, |R1C(0)] + |[R1C(1)] = n—1+h+s. By (1), we know that R1C is n-
compressed, so that (2, 1p—scs) = n—2+h < n—14+h and u(x,cs) = n—1+h+s—1
imply that |[R1C(0)] > n—1+ h and |[R1C(1)] > s. Thus, |[RiC(0)| =n—1+h

and |R1C(1)] = s. O
Lemma 4.9. Let W be a d-monomial space spanned by monomials wi, ..., ws €
Ry with u(wy) < -+ < w(ws) < d, and uw(ws) —u(wy) < n—1+h. Let C be
the n-compressed d-monomial space spanned by monomials c1,...,cs € Rq with

u(e;)) =i—1 for 1 <i<s, and set W = {monomial m € RiW | u(wy) < u(m) <
w(wy) +n—14+h}. Then |W| > |R1C(0)| and dimy RiW > dimy R, C.

Proof. By Remark 4.6 (6), we can assume that u(w;) = 0, then u(ws) <n—1+h,
and W = R;W(0). By Lemma 4.8, we see that |R,C(1)| = s, hence |RyW(1)| >
s = |R1C(1)|. Note that dimy RiW = |RiW(0)| + |RiW(1)| and dimy R;C =
|R1C(0)| + |R1C(1)|, thus we only need to prove that |[RyW(0)| > |R1C(0)].

First we suppose s < h + 1, then by Lemma 4.8 we have |[R1C(0)| =n — 2+ s.
If there exist w;, w;4+1 such that u(w;+1) — w(w;) > n — 2, then 0 = u(zjw) <
u(riwy) < -0 < w(rrw) < w(raw;) < -0 < WEpow;) < w(Trwipr) < o <
u(zrqrws) < n — 1+ h, which implies that |RyW(0)| > s+ n —2 = |R1C(0)]. So we
can assume that u(w;4+1) — u(w;) <n—2for 1 <i<s—1. For any non-negtive
integer | < u(z,_1ws), there exists w; such that u(w;) is maximal with respect to
the property that u(w;) < I, then it is easy to see that 0 <1 — u(w;) < n — 3 and
U(T1—y(w;)+1w;) = I. Therefore, if u(x,_1ws) > n — 1+ h, then

[RAW(0)|=n—-14+h>n—-24+s=|R1C(0)];
if u(zp_1ws) <n—1+h, then
[RAW(0)] = u(zp_qws) +1> (n—2)+ (s — 1)+ 1 = |R:C(0)].

Next we suppose h+2 < s <n—1+ h, then by Lemma 4.8 we have |[R,C(0)| =
n — 1+ h, and it is easy to see that u(w;+1) —u(w;)) <n—2for 1 <i<s-—1,
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and u(x,_jws) > n — 1+ h; therefore, similar to the above argument, we have
|[RAW(0)] =n—14 h=|R:C(0)]. O

Lemma 4.10. Let W be a d-monomial space spanned by monomials wy, ..., ws €
Ry with u(wy) < -+ < u(ws) < d. If there exists 1 <1i < j <s such that j —i > h
and u(w;) — u(w;) <n—1+h, then

dimk RlLW S dimk RlW,
where Ly is the lex d-monomial space in Ryq such that dimy Ly = dimy, W.

Proof. By Lemma 4.7, we have that dimy RiLy < dimgLw + (n — 1)+ h =
dimyW +n—-14+h =s+n—1+h. On the other hand, it is easy to check
that if 1 < p < 4, then zyw, ¢ Rispan{wpt1,...,w;,...,w;}; if j < g < s, then
Trwq ¢ Rispan{ws,...,wj,...,wq_1}. Thus, we have
dimy Ry W > dimy Ryspan{w;, ..., w;} + (i — 1) + (s — j).
By Lemma 4.8 and 4.9, it is easy to see that
dimy Ryspan{w;,...,w;} >n—1+h+(j—i+1).
Therefore, we have
dimy BiW >n—1+h+({G—i+1)+G—-1)+(s—j)
=n—14+h+s
Z dimk Rle.

d

Lemma 4.11. Let C be an n-compressed d-monomial space in Ry, and suppose
that there exists t > 0 such that 0 < |C(i)| < h fori=0,...,t and |C(i)| =0 for
i>t. Then

dimk RlLC S dimk Rl C,
where Lo is the lex d-monomial space in Ry such that dimy Lo = dimy, C'.
Proof. If |C(j)| < |C(j +1)| 4+ (n —2) for some 0 < j < ¢ — 1, then we consider the
n-compressed d-monomial space C’ such that
IS =1C()I+1,
()] =C#)] -1,
[C'(0)] = |C ()] if i # ji t.
By Lemma 4.8, one sees easily that
R,C(O)] = C0)] + (0~ 2)
|R1C(i)| = max{|C(:)| + (n — 2),|C(i — 1)|} for 1 <i <,
[B1C(t+ 1) = |C(1)],
|[R:C(i)] =0 for ¢ >t + 1.
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and we have similar formulas for C’. Then it is easy to check that

[RiC'(G)| < [RiCG)|+1,
|[R.C'(t)] < [R1C(1)],
|R1C'(t+1)| = |RC(t+1)] — 1,
|R1C'(i)| = |R1C(7)| for i # j,t,t + 1.
Therefore, we have that dimy C" = dimy, C and dimy, R1C’ < dimg R, C. If |C'(j)| =
h + 1, then by Lemma 4.10, dimy R1Lc < dimg R1C’, and then dimy R1Lo <
dimy R1C. So we can assume that |C'(j)| < h, that is, C’ satisfies the assumption
of the Lemma.

By the above observation, we can assume that C' is an n-compressed d-monomial
space in Ry and there exists ¢ > 0, such that 0 < |C(i)] < h for 0 < i < t,
ICE)| > 1CE+ 1)+ (n—2)for 0 <i<t—1, and |C(i)| =0 for ¢ > ¢t. Then by
Lemma 4.8, it is easy to see that

dimy, R C = |C(0)| + (n — 2) + |C(0)| + |C(Q)| + - - - 4+ |C(t)]
=|C(0)]+n—2+dimy C.

If |ILz(0)| > |C(0)], then by Remark 4.6 (4), we have that for 1 <14 <t,
(L (@) = [Le(0)] = 1 —i(n —2) 2 [C(0)] —i(n —2) 2 [C(:)],
and then

dimg Lo > [Le(0)] + [Le ()] + -+ + [ Lo(t)]
> |COf+ICM)]+---+[C@)]
= dimk C,
which is a contradiction. So we have |Lo(0)] < |C(0)] < h. By Remark 4.6 (2),
we see that |La(i)] < h for ¢ > 0. Thus, by Remark 4.6 (3), one sees easily that
there exists ¢’ > 0 such that |Leo(i)| > |Lo(i+ 1)+ (n—2) for 0 <i <t —1, and
|Lc(7)| = 0 for 4 > t'. Therefore, by Lemma 4.8, it is easy to see that
dimy, Ry Lo = [Lo(0)] + (1 — 2) + |Le(0)] + [Lo(U)] + - + [Lo(t)]
= |Lc(0)| + (n — 2) + dimg Lo
<|C(0)] +n — 2+ dim; C
= dlmk RlC

Proof of Theorem 4.1. Let W be a d-monomial space spanned by monomials wq,
.oy ws in Ry with u(wq) < -+ - < u(ws); by Lemma 2.2, we only need to prove that

dimk RlLW S dimk RlI/V,

where Ly is the lex d-monomial space in Ry such that dimg Ly = dimg W.
By Remark 4.6 (6), we can assume that u(w;) = 0 and u(ws) < d. Note that
there exist 1 =ip < i1 < -+ < iy < s for some ¢ > 0 such that u(ws) — u(w;,) <
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n—1+h,and for 1 < j <t, u(w;, 1) —u(w;,_,) <n—1+hand w(w;,)—u(w;_,) >
n—1+h. Set

W[O] = {wio,...,wil,l},

W[l] = {wil,...,wi2_1},

Wt] = {wi,, ..., ws},
then by Lemma 4.10, we can assume that |W[j]| < h for 0 < j <t
Let C be the n-compressed d-monomial space such that |C(j)| = |[W][j]| for
0<j<tand|C(j)|=0for j >t+1, then dimy C = dimy W and it is easy to see
that
dimy, Ry W = [(BaW)[0]| + [(RaW)[A]| + - - + [(BaW)[E]] + [(BaW)[E + 1]},
where (R1W)[0] = R1W(0), (RiW)[t + 1] is the set of monomails m € R;W such
that u(m) > u(w;,)+n—1+h, and for 1 < j <t, (R;W)[j] is the set of monomials
m € Ry W such that u(w;, ) +n—1+h <u(m) <u(w,;) +n—1+ h. First it is
easy to see that
[(BaW)[t+1]| = [WH]| = [C(#)] = [RiC(E+ 1))
Then By Lemma 4.9, we get
|[RW(0)| = [R:1C(0)].
Finally, by Lemma 4.8 it is easy to see that for 1 < j <t¢,
[B1C(5)] = max{|C(j — 1)|,|C()| + (n = 2)};
if |[R1C(j)] = |C(j — 1), then we have
(R = WL 1) = 06 — )] = R OG);
if |[IR1C(5)| =|C(4)| + (n — 2), then by Lemma 4.9, we also have
[(BAW)[G]| = [BLC ().

So, we get dimg Ri{W > dimy R1C. By Lemma 4.11, we know that dimy R,C >
dimy R1L¢c, where L¢ is the lex d-monomail space such that dimy Lo = dimy C.
Note that Lo = Ly, so dimy Ri{W > dimy Ry Ly . O

5. TWO OTHER CLASSES OF PROJECTIVE MONOMIAL CURVES
The main results of this section are Theorem 5.1 and Theorem 5.5.

Theorem 5.1. Let

A—(O 1+h 2+h -+ n—1+h

+
11 1 . 1 >,wheren23,hez.

Let R be the toric ring associated to A.

(1) If h =1, then Macaulay’s Theorem holds over R.
(2) If n =3, then Macaulay’s Theorem holds over R.
(3) If h > 2 and n > 4, then Macaulay’s Theorem does not hold over R.
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In order to prove Theorem 5.1, we need the following lemmas 5.2, 5.3, 5.4.

Lemma 5.2. Let R be the toric ring defined in Theorem 5.1 and R’ the toric
ring defined in section 4 such that R and R’ satisfy the assumptions of Lemma
3.2: then we have an isomorphism f : S = klxy,...,xn] — S = Ely1,-..,yn]
with f(x;) = Yny1—i, which induces an isomorphism f from R to R'. Setting
1> > Ty and Y1 > - > Yy as usual, by definition 2.1 we have the lex orders
ez, Mex M R and R’.
(1) Let m be a monomial in Ry such that yi'* - - - yon is the top representative of
the fiber of the monomail f(m) € R, then f~'(y& ---yon) = 28 - 2%
is the top-representative of the fiber of m.
(2) Let m and m' be two monomials in Ry such that u(m) < u(m’), then
m e M’ in Ry, so that the lex order =j., in R4 is the same as the natural

order >, definde in Remark 2.4.

Proof. (1)Suppose that z|" --- 21 is the top representative of the fiber of m, then
Bn > ay, and f(xf" by = y’fl -y is a monomial in the fiber of f(m). Since
Yot -y is the top representative of the fiber of f(m), by Lemma 4.2 we have
On < ay, so that B8, = a,, and then 3,1 > a,_1, but by Lemma 4.2 we have
Bn_1 < ap_1, so that B,_1 = a,_1. If there exits 2 < i < n — 2 such that 3; > a;
and B; = «; for j > i, then the monomial 3" ylﬂ{yf‘ﬁrl ---yo is in the fiber of
f(m), by Lemma 4.2 on sees easily that §; < «;, which is a contradiction, so we
have 3; = a; for i = 2,...,n — 2. Since deg(m) = 31+ -+ Bp = a1 + -+ + Qu,
it follows that 8, = a1, and then z{™ -+ 251 = x?" .-~z is the top-representative
of the fiber of m.

(2)Let yit---yon, ylﬁ1 ---y5 be the top-representatives of the fibers of f(m)
and f(m'), then (1) implies that 2™ - 2%, 2™ - .- 2 are the top-representatives
of the fibers of m and m'. Since u(m) < wu(m'), by Lemma 3.3 (1), we have
u(f(m)) > u(f(m')), so that Lemma 4.2 implies o, > B,. If o, > B, then
m = m' and we are done. So we may assume «, = (3,. Then similarly, by
Lemma 4.2 we have a,,_1 > (,_1, and if a,,_1 > (,_1, we are done. So we can
also assume that a,,—1 = B,—1. Then applying Lemma 4.2 again, we see that there
exist 2<r<n-—2,1<7 <r—1such that

a1 oy _ ,d=l-an_1—an An—1, an
Yi Yt =Y Yr¥Yn—1 Yn'>

51 _ od—l-an_1—an An_1_ «
Y1 Ut = Yr'Yn—1 Yn™s

and then we have that

a Q) .Qp On—1 d—l—ap_1—a,
1.1 no, ., 'Tnl — 1,1 71x2ﬂ l’n+17Txn n—1 n
Ay — — 11—, —
>lex x(lxn‘r2n lxnﬁ*l*wxz 1o —an
_ .Bn B1
— :L'l P l.n s
which implies m =, m’. O

Lemma 5.3. Let R be the toric ring defined in Theorem 5.1 and suppose h = 1.
Let Ly be an r dimensional lex d-monomial space in Rg with 0 < r < dimy Ry, and
m the first monomial in Rq\Lq. If we set

Ay = dlmk R1 (Ld + km) — dimk RlLd,
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then ag =n, a1 =2 and a, =1 for 1 <r < dimy Ry.

Proof. Without the loss of generality, we can assume d > 1. It is clear that ag = n.
If r = 1, then it is easy to see that Ly = span{z¢} and m = x‘fflxg in Rg, so that
by Lemma 3.1,

dimy, Ry (Lg + km) = 2n — Mz, 29 ag) = 2n — (n —2) = n + 2,
hence ag + a1 = n+ 2, and then a7 = 2. If 1 < r < dimy Ry, by Lemma 5.2, we
see that u(x,m) > u(z;m’) for any 1 < j < n and any monomail m’ € L4, hence
Tpm ¢ RyiLg, and then a, > 1 for 1 < r < dimg Ry. Note that dimg RiRq =
dimy Rg41, and it is easy to see that

dimy Rd+1 — dimy Ry = dimy Rii-&-l — dimy R/d =n—14+h=n,
where R’ is the toric ring defined in Lemma 5.2. Thus,

(@o—D+(@-D+ > (ar—1)=mn,
1<r<dimy, Rq

so that Zl<r<dimk Ry (a, — 1) =0, which implies a, = 1 for 1 < r < dimy Rg. O

Lemma 5.4. Let R and R’ be the toric rings defined in Lemma 5.2 and suppose
n = 3. If Ly, Lit are lex d-monomial spaces in Rq and Rfi such that dimy Lg =
dimy L}, then dimy, RyLq = dimy, R} L.

Proof. Since the toric ring R is defined by the matrix A = <0 1+h 2+ h) and

1 1 1
KerA has dimension 1, one sees easily that the toric ideal I 4 is generated by the
binomial z3*" — 21217 so that we have R = k[x1, 29, 23]/ (22" — z124™), and

similarly, R = k[y1, y2, ys)/(y2 ™" — yi T ys). o
+

Let Ty be the set of monomials in k[z1, x2, 3)4 which can not be divided by x5
and T the set of monomials in [y, y2,y3]s which can not be divided by y2™". Tt
is easy to see that for any monomial m € Ry there is one and only one monomial in
the fiber of m that can not be divided by 22", then it follows that the monomials
in Ry are in one-to-one correspondence with the monomials in 7Ty. Furthermore, if
dimg Ly = r and Ly is spanned by the monomials mq,...,m, € Ry with u(m;) <
-+« < u(m,), then my, ..., m, have top-representatives wy, ..., w, € T, that are the
first » monomials in T,. Similarly, if dimy L/, = r and L/, is spanned by monomials
my,...,m,. € R, then m/,...,m/ have top-representatives wj,...,w, € T} that
are the first r monomials in T.

Note that the natural isomorphism g : S = k[x1,z9,23] — 5" = k[y1,y2, y3]
with g(x;) = y; for j = 1,2,3 induces an order-preserving bijection between T,
and T}, then g(w;) = w] for 1 < ¢ < r. Setting W = span{w,...,w,} C S4 and
W' = span{w],...,w.} C S}, one sees easily that dimy S1W = dim;, S{W’. Let
p be the number of monomials in S1W that can be divided by x§+h and p’ the

number of monomials in S;W’ that can be divided by y%"’h; then we have p = p’.

Note that if zow; can be divided by ngrh for some i, then zow; = ajg(xlxgwi/xéJrh)
in Rg4+1 and xlxgwi/x§+h = wj for some j < i. Therefore, the monomials in the lex

(d41)-monomial space R; L4 are in one-to-one correspondence with the monomials
in S1W that can not be divided by z§+h, so that we have

dimk RlLd = dlmk 51W —Pp.
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Similarly, we have
dimg R} L), = dimy S1W —p/,
and so dimy, Ry Ly = dimy, R L/;. O

Proof of Theorem 5.1. (1) Let W be a d-monomial space spanned by monomials
Wy, ..., W, € Rg with u(wy) < -+ < u(w,). By Lemma 2.2, it suffices to prove that
dimy R Ly < dimg RiW, where Ly is the lex d-monomial space in R4 such that
dimk LW = dimk W =r.

We prove by induction on r. If r = 1, then dimy R Lw = dimy R{W = n. If
r = 2, then by Lemma 5.3, dimg RiLw = ap + a1 = n + 2, and by Lemma 3.1,
dimy, RiW = 2n — A(wy,ws). It is easy to see that A(wq, we) < n — 2, thus we have

dimg RiW >2n— (n—2) =n+2=dim; R Lw.

If r > 2let W be the d-monomial space spanned by monomials w1, ..., w,_1 € Ry
and LW the lex d-monomial space in Ry such that dimyg LVT/ = dimy W =r—1,
then by induction we have dimy Ry Ly < dimy le. By Lemma 5.3, we see that
dimy, Ry Ly = dimy R; Ly + 1. On the other hand, since u(r,w,) > u(xjw;)
for any 1 < j < nand any 1 < ¢ < r — 1, we have z,w, ¢ Rlﬁ/\, and then
dimy RyW > dimy, RyW + 1. Therefore,

dimy, RyW > dimy RyW + 1 > dimy Ry Ly, + 1 = dimy, Ry Ly,

and we are done.

(2)Let W be an r-dimendsional d-monomial space in R4. By Lemma 2.2, it
suffices to prove that dimy R Ly < dimy R4W where Ly is the lex d-monomial
space in Ry such that dimy Ly = r.

Let f and R’ be as in Lemma 5.2, then by Lemma 3.3 (1), we see that f(W) is an
r-dimensional d-monomial space in Ry and dimy -iW = dimy Ry f(W). Let LY )
be the lex d-monomial space in R/, such that dimg L’f(W) = r, then by Lemma 5.4,
we have dimy R Ly = dimy R’lL}(W). By Theorem 4.1, we see that R’ satisfies
Macaulay’s Theorem, hence dimy R’lL}(W) < dimy R} f(W). So, dimg R1Ly <
dimy R W, and we are done.

(3)Considering the 1-monomial space W = span{zs, 23} and the lex 1-monomial
space Ly = span{xi,x2} in Ry, we have dimy W = dimy Ly = 2. However, by
lemma 3.1, it is easy to see that

dimy RiW =2n — Mag,z3) =2n— (n—2) =n+2,
and

2n — 1, tfn<h+2

dimy Ry Ly = 2n — A1, 22) =
imy BaLy = 2n = Aw1, 22) {2n—(1+n—h—2):n+h+1, ifn>h+s.

Since h > 2 and n > 4, one can check easily that dimy Ry Ly > dimyg RiW. So by
Lemma 2.2, Macaulay’s Theorem does not hold over R. O
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Theorem 5.5. Let

A 01 -+ m-1 m+h -+ n—-1+h
“\1 1 ... 1 1 1 )

wheren >4,2<m <n—2and h € Z*. Let R be the toric ring associated to A.
Then Macaulay’s Theorem does not hold over R.

Proof. We have three cases.

Case 1: h <m — 1. Let W = span{z?, 2172, ..., 210, 222} C Re and Ly =
span{x?, 2172, ..., T1Tm, T1Tmi1} C Ro, then W is a 2-monomail space in Ry and
Ly is a lex 2-monomial space in Ry such that dimg W = dimy Ly = m + 1. By
Lemma 3.1, we have

dimg RiW = (m+ 1)n — Z Mzrzs, x125) — Z Mz12i, T2Zm ),

1<i<j<m 1<i<m
dimg RiLyw = (m+ 1)n — E Mzrzs, x125) — g Mz124, 1T m41),
1<i<j<m 1<i<m

so that we get
dimy R1Lyw — dimg R{W = Z Mz124, ToX) — Z Mz124, T1Timg1)-
1<i<m 1<i<m
It is easy to see that
ME1Tm, T2T) =1 =2, MT1Tm—n, T2Tm) = 1,
and
AMzizs, xoxm) =0for 1 <i<m—1and i#m—h.
Thus, we have
Z Mzi2s, ko) =n—24+1=n—1.
1<i<m
On the other hand, one sees easily that
A ) 1, iftm—-h<i<m-—-1;
T1T4, T1Tm = -
! P 0, ifi<m-—h.

If n—m—12> h+1, then it is easy to check that
Mzi1xm, 21Zmy1) =14+ (m—-1)—(h+ 1)+ 1)+ ((n—m—-1)—(h+1)+1)
=n-—2h—1,
so that we have
Z AMzizg, x12my1) =h+n—-2h—1=n—-h—-1,
1<i<m
and then
dimg Ri Ly —dimgy R{W =n—-1—(n—h—-1)=h>1>0,
therefore, by Lemma 2.2 we see that Macaulay’s Theorem does not hold over R.
If n—m —1< h+1, then it is easy to check that

Mz1Zm, 21Zmy1) =14+ (m—=1) = (h+ 1)+ 1) =m —h,

so that we have
Z AMz124, x1Tme1) = h+m —h =m,

1<i<m
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and then
dimg RiLy — dimpy R{W=n—-1-m>n—-1—-(n—-2)=1>0,

therefore, by Lemma 2.2 we see that Macaulay’s Theorem does not hold over R.
Case 2: h > m and m <n — 2. Let W and Ly be the same 2-monomial spaces
as in Case 1, then

dimy R1Lyw — dimg R{W = Z Mz124, ToXyy) — Z Mz124, T1Tmg1)-
1<i<m 1<i<m
It is easy to see that
Mx1Tpm, Toxm) =n — 2, and M@124, Taxy,) =0for 1 <i<m —1.
Thus, we have
Z M1, XoZy) =10 — 2.
1<i<m
On the other hand, one sees easily that
M1, 1Zme1) = 1 for 1 <i <m —1.
If n—m—12> h+1, then it is easy to check that
Mz1Zm, 21Tmy1) =14+ (n—m—-1)—(h+1)+1)=n—m—h,
so that we have
Z Mzirzg, x12me1) =m—14+n—m—h=n—h-—1,
1<i<m
and then
dimg RiLy — dimpy RAW =n—-2—-(n—h—-1)=h—-1>m—-1>1>0,

therefore, by Lemma 2.2 we see that Macaulay’s Theorem does not hold over R.
If n —m —1< h+1, then it is easy to check that A(z1Zm,, z1Zmy1) = 1, so that
we have
Z Mzrzi, 21Zme1) =m —1+1=m,
1<i<m
and then

dimg Ri Ly —dimy RRW =n—-2-m>n—-2—(n—2) =0,

therefore, by Lemma 2.2 we see that Macaulay’s Theorem does not hold over R.
Case 3: h > m and m = n — 2. Let p be the maximal integer such that
p < (h—1)/(m—1), then p > 1. Considering R, 1, we see that for any monomial
w € Rpy1, 0 <u(w) < (p+1)(n—1+h). More precisely, one can check easily that
there are (n — 1) + (p —4)(m — 1) + 4 monomials w € R,41 such that i(n—1+h) <
w(w) < (i+1)(n—1+h) for 0 < ¢ < p, so that
pm

dimkRp+1=1+Z(n—1)+(p—i)(m—1)+z‘=1+(p+1)(n+7_1).
=0

Similarly, we have

dimkRpH:(n—l-l—h)+1+§p:(n—1)+(p—i)(m—1)+(i+1)
=0

m
nth+pt 1+ (p+ D+ 1),
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Setting [ = 14 (p + 1)(n + Z* — 1) we have that
dimg Rpr1 =1 and dimg RiRp4q =dimg Rppo=n+h+p+1L

Let W be the l[-monomial space spanned by the monomials wy,...,w; € R; such
that u(w;) =i—1for1 < ¢ <. Let monomials wi, ..., w; be a basis of R,11, and let
Ly be the l-monomial space spanned by the monomials wiﬁp*lw’l, e 7:10%7177111)[’ €

Ry, then it is easy to see that Ly is a lex [-monomial space such that
dimy Ly = dimp W =1l and dimg B1Lw =dimg RiRp11 =n+h+p+1.
However, by Lemma 3.1, one can check easily that
dimgy BiW=in—(1I-1)n-2)— (-1 —(h+ 1)+ 1) =n+h—-1+1,
so that
dimg RiLw —dimy RiIW = (n+h+p+)—(n+h—-1+10)=p+1>2>0,

therefore, by Lemma 2.2 we see that Macaulay’s Theorem does not hold over R. [
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